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Two dimensional active fluids display a transition from turbulence to coherent flow upon strength-
ening confinement. A recent experiment suggests that the behavior in three dimensions is more com-
plicated and defies intuition; coherent flows emerge upon increasing the channel height to match
the channel width. Using a simple hydrodynamical model of a suspension of extensile rod-like units,
we provide the first theoretical explanation for this puzzling behavior. Furthermore, using extensive
numerical simulations supported by theoretical arguments, we map out the conditions that lead to
coherent flows and elucidate the critical role played by the aspect ratio of the confining channel.
The mechanism that we identify applies to a large class of symmetries and propulsion mechanisms,
leading to a unified set of design principles for self-pumping 3D active fluids.
Active matter describes systems whose constituent
particles consume energy to drive motion or generate
forces [1–15]. Being continuously driven far from equilib-
rium, active materials can exhibit spectacular spatiotem-
poral behaviors not possible in equilibrium systems. One
such example is spontaneous flow, in which confining an
active fluid leads to a coherent ‘self-pumping’ flow in the
absence of any external driving such as a pressure gradi-
ent [16]. Harnessing spontaneous flow at scales relevant
to practical devices would enable converting particle-
scale chemical energy into macroscopic productive work,
and thus has tremendous potential for practical applica-
tions. However, the mechanisms that drive and control
self-pumping of confined active fluids are insufficiently
understood to design such devices.
Spontaneous flow has been reported in diverse experi-
mental active fluids, including suspensions of microswim-
mers [17–23], cell monolayers [24, 25], and active gels
built from subcellular components [10, 26–28]. At the mi-
croscopic level, some of these systems have polar symme-
try [17–23], and others have nematic symmetry [10, 24–
28]. Nevertheless, a unifying feature of all these systems
is that they are composed of force dipoles in a fluid. In
this work, we use this starting point to show that flow
generated by force dipoles together with flow alignment
and confinement give rise to system size dependent length
scales in the structure of the flow, which can be harnessed
to induce coherent flows in diverse systems. Emergent
flows are coherent when each confinement dimension is
smaller than the length scale induced by confinement in
the other dimension. In particular, we uncover the un-
derlying physics of aspect-ratio-dependent coherent flows
observed in dilute isotropic suspensions of extensile mi-
crotubule bundles powered by ATP-driven molecular mo-
tors [28].
Previous theoretical studies of active matter have con-
sidered models with polar self-propelled constituents, or
mutually aligning nematic constituents [1–15]. There-
fore, at least one of these ingredients — self-propulsion
or aligning interactions — was thought to be required
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for spontaneous flows. However, experiments by Wu
et al. [28] demonstrated emergent flows in meter long
channels with no orientational order, i.e. well below the
isotropic-nematic (IN) transition density of the micro-
tubule bundes. Moreover, the coherence of the flow was
reentrant as the size of the channel was varied, occur-
ring only in channels with low aspect ratio cross-sections:
1/2 ≤ H/W ≤ 2, with H and W the height and width of
the channel. This transition to spontaneous flow is thus
an intrinsically 3D behavior, which cannot be explained
by 2D models of active nematics [29–32].
Here, we show that a minimal theoretical description of
extensile microtubules below their IN transition, which
includes only the force-dipole and flow-aligning charac-
ter of the bundles, exhibits a transition to self-pumping
coherent flow that depends critically on dimensionality.
The emergent flows are re-entrant with respect to the
strength of confinement, in a manner closely resembling
that of the experiments. We then expose the physical ori-
gins of this behavior by studying the system in a simpler
geometry, confinement between two parallel plates. Fi-
nally, we use this understanding to propose design princi-
ples for self-pumping fluids. The simplicity of our model
implies that these design principles apply to a wide vari-
ety of seemingly disparate active matter systems.
Model. Consider N non-interacting ellipsoids, each of
length l and diameter b suspended in a fluid in d dimen-
sions. The center of mass of ellipsoid i, ~ri, evolves as
∂t~ri = ~u(~ri) +
√
2κ ~ηT (~ri), where ~u(~r) is the fluid veloc-
ity at position ~r, ηTα is a stochastic Gaussian white noise,
and κ is the translational diffusion constant. Let the
axis of orientation of this ellipsoid, ±νˆi be defined along
its axis of symmetry (length). In low Reynolds number
flows, the time evolution of νˆi is given by [33, 34]
∂tνˆi = Ω(~ri) · νˆi + λ (I − νˆiνˆi) ·E(~ri) · νˆi
+
√
γ/2 (I − νˆiνˆi) · ~ηR(~ri) (1)
where Ωαβ = 12 (∂βuα−∂αuβ) and Eαβ = 12 (∂βuα+∂αuβ)
represent spatial variations in the flow, λ = l2−b2l2+b2 , ~ηR is
a Gaussian white noise, and γ is the rotational diffusion
constant.
Suppose the ellipsoids are active, pushing outward
along their axes with a force f and generating low
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2FIG. 1. (a) A slender rod aligns with the extensional axis
of a shear flow, (b) Flow field produced by an extensile rod,
(c) confinement geometry for coherent flows, (d) confinement
geometry for vortex size measurement
Reynolds number flows around them. The emergent
flow ~u is then a solution of the driven Stoke’s equation,
η∇2~u(~r) − ~∇p = f∑i νˆi[δ(~r − ~ri − l/2 νˆi) − δ(~r − ~ri +
l/2 νˆi)], [35] where η is the coefficient of viscosity and the
mechanical pressure p is such that flows are incompress-
ible: ~∇ · ~u = 0.
We call this system an incipient active nematic since
the slowest decaying orientational moment of this system
is the nematic order, but there is no nematic order in the
absence of flows due to rotational diffusion. The dynam-
ics of the coarse-grained nematic order, Q = 〈νˆνˆ − Id 〉, is
given by (see SI for derivation)
∂tQ+ ~u · ~∇Q+Q ·Ω−Ω ·Q = −γQ+ κ∇2Q
+ λ
[
2
d
E +Q ·E +E ·Q− 2
d
tr(Q ·E)I
]
(2)
with η∇2~u− ~∇p = α ~∇ ·Q and α = fl/2. Note that Eq.
(A7) corresponds to the Leslie-Erickson model for liquid
crystals below the IN transition to linear order in Q.
Mechanism for spontaneous flow. The only homoge-
neous state admitted by the model is Q = 0, ~u =
0. Consider fluctuations about this stationary isotropic
state, Qαβ(~r) =
∫
d~k Q˜αβ(~k)e−i~k.~r, and uα(~r) =∫
d~k u˜α(~k)e−i~k.~r. The effective dynamics of the flow
is given by ∂tu˜β = iαkˆνηk (δβµ − kˆβ kˆµ)∂tQ˜µν . Up
to linear order in perturbations, ∂tQ˜αβ = −(γ +
κk2)Q˜αβ − iλd (kαu˜β + kβ u˜α). Eliminating Q˜αβ , the ef-
fective linear dynamics of the flow is given by ∂tu˜β =(
−γ − κk2 + λαdη
)
u˜β . Thus, the stationary isotropic
state is destabilized by long wavelength perturbations
if αλ > dηγ, i.e., if the ellipsoids are rod-like (λ > 0)
and the forces exerted by them are sufficiently exten-
sile (α > 0), or if the ellipsoids are discoidal (λ < 0)
and the forces exerted by them are sufficiently contrac-
tile (α < 0).
In this article, we will focus on extensile rod-like parti-
cles, to be consistent with experiments [28]. The phe-
nomenology of contractile discoidal particles is identi-
cal, so we will not consider them separately. The emer-
gence of spontaneous flows in a suspension of extensile
rod-like particles can be ascribed to the following mi-
croscopic mechanism: (1) rod-like objects orient along
the extensional axis of shear flows (Fig. 1a), while (2)
shear flows generated by extensile rods have an exten-
sional axis that coincides with the the rod orientation
(Fig. 1 b). If the relevant active timescale, τa = 3η/λα,
is shorter than the timescale for loss of order due to rota-
tional diffusion, τr = 1/γ, flows at hydrodynamic scales
arise spontaneously [21, 36]. Thus, a positive reinforce-
ment between shear alignment and extensile active flows
destroys the isotropic state and generates spontaneous
flows. This is the fundamental mechanism that gives rise
to flows observed in various active matter systems, from
polar self-propelled swimmers [8, 19–22, 36], to active
gels composed of microscopic units with nematic sym-
metry [10, 24–28].
In the rest of this article, we explore how confining
walls can structure the spontaneous flows that are gener-
ated by the active shear alignment instability described
above. Of course the simplest theoretical set up that can
sustain coherent flows is a 2D incipient active nematic
confined in a channel of width W. Above the flow align-
ment instability, strong confinements give rise to unidi-
rectional coherent flows. As the width of the channel is
increased, the flow becomes oscillatory and finally tur-
bulent. This is true regardless of anchoring at the walls
(Fig. 4) and has been extensively discussed in the litera-
ture [8, 16, 27, 37]. Here we focus on the experimentally
relevant 3D system.
Reentrant self-pumping in 3D. To study the emergence
of self-pumping flows in 3D, we assume a simple channel
geometry with no slip walls at y = 0,W and z = 0, H
(Fig. 1 c). We do not assume any preferential anchoring
at the walls, so the boundary condition on Q is Neu-
mann. The minimum channel dimensions that give rise
to spontaneous flows are predicted by the stability analy-
sis (solid white lines in Fig.1d,e). In channels with square
cross-sections, moderately strong confinements yield self-
pumping flows that are uniform along the length of the
channel (Fig. 2a). The structure of these flows is similar
to those reported in aligned active nematics confined to
cylindrical capillaries [38] (uy and uz are very small but
nonzero, and have sinusoidal profiles). In this state, there
is a high degree of nematic order near the walls, and a
low degree of nematic order in the middle of the channel.
The nematic orientation has a splay-like profile, with the
orientation at the walls forming an oblique angle with the
walls (Fig. 5). This is in agreement with experiments
[28]. It is also consistent with linear stability analysis
about a state with low nematic order along the axis of
the channel, which predicts that the fastest growing de-
3FIG. 2. Re-entrant self pumping in an incipient active nematic confined to a 3D channel. (a-c) Instantaneous flow profiles to
demonstrate the origin of reentrant self-pumping shown by arrows in (d): When both the width and height of the channel are
equal to 5 (a), the emergent flow is coherent and pumps fluid across the channel. When the width is increased to 20 (b), the
flow loses coherence, and the average flow across the channel, 〈ux〉 drops to zero. When the height is also increased to 20 (c),
coherence is restored. (d,e) Heatmaps of average flow across the channel as a function of its dimensions for activity magnitude
α = 5 (d) and α = 7 (e). The solid white line corresponds to the transition from stationary to flowing states predicted by the
linear stability analysis. The dashed white lines encompass the region of coherent flows predicted by vortex sizes computed in
(Fig. 3d).
formations are uniform along the length of the channel,
and consist of a combination of splay and nematic order
[39]. The phenomenology observed on increasing both
the channel dimensions commensurately is analogous to
the behavior of a 2D confined system— the flows become
oscillatory at moderately weak confinements (Fig. 2(c)),
and turbulent at even weaker confinements.
Increasing the channel dimensions incommensurately
reveals an intriguing behavior that is unique to 3D. Start-
ing from a strongly confined system with a symmet-
ric cross-section and uniform coherent flow (Fig. 2(a)),
increasing either channel dimension destroys the self-
pumping nature of the flow (Fig.2(b)). An analogy to
2D systems would suggest that the emergent flows always
become more chaotic as the channel dimensions are in-
creased [40]. However, our numerical solutions show that
if one starts with a channel whose width, say, is much
larger than its height (eg. Fig.2(b)), increasing the height
to match the width restores self-pumping (Fig.2(c)).
To understand this novel effect of confinement in a
3D system, we consider a simpler confinement geome-
try: a pair of walls separated by a distance H (Fig. 1d).
The emergent flows in this case are composed of swirling
vortices, with a vortex size that increases with confine-
ment size H (Fig. 3 (a),(b)). A similar increase of
vortex size (F 1) with the confinement lengthscale has
been reported in suspensions of microscopic swimmers
[41]. Linear stability analysis about a state with high
nematic order shows that the fastest growing deforma-
tions consist of combinations of bend and twist of a
confinement-induced characteristic length scale, implying
that the fastest growing flow structures are vortices with
a confinement-induced length scale [39]. The emergent
flow structures that we observe result from the desta-
bilization of flow induced nematic ordering, and could
therefore be closely related to the confinement-induced
4FIG. 3. (a, b) Flow profile of an incipient active nematic confined between two walls, showing that the vortex size increases
with the separation between the walls, H. In the simulations, the unconfined plane had periodic boundary conditions with
Lx = Ly = 250, but for visibility, we have restricted the plot to (Lx/4, Ly/4). (c) The average velocity correlations as a
function of distance in the horizontal plane, showing that the minimum of the correlation function shifts to the right (i.e.,
vortex size increases), as the distance between the walls is increased. (d) Vortex size as a function of channel height. At small
channel heights, the vortex size is larger than the channel height, but as the height increases, the vortex size falls below the
height.
length scale in the instability of ordered active fluids.
Our results show that coherent flows in channels
emerge when the vortices generated by one pair of oppos-
ing walls are curtailed by the other pair of walls. Com-
paring the vortex sizes in Fig. 3(d) with the boundaries
of the phase diagram for coherent flow in Fig. 2(d,e)
supports this argument: for all confinement geometries
with coherent flows, the confinement length in each di-
mension is smaller than the size of the vortex induced
by confinement in the other dimension. Since the vor-
tex size increases with confinement length, this condition
simplifies to the following condition for coherent flow: the
larger confinement dimension has to be smaller than the
size of the vortex induced by the smaller confinement di-
mension. For example, consider a channel with width W
and height H, such that W ≥ H. For one pair of channel
walls separated by H in the z direction, the vortex size
in the xy plane is `(H). We now introduce a new set of
walls separated by W in the y direction. If W > `(H), at
least one vortex can form in the xy plane, so the emer-
gent flows will not be net pumping. On the other hand,
If W < `(H), there is not enough space to form a full
vortex, so the flows are net pumping. Since W ≥ H,
coherent flow requires `(H) > H. Note that it is possible
to have `(H) < H at large H and large activities (Fig.
3(d)). Therefore, there exists a maximum confinement
length scale beyond which coherent flows cannot be ob-
tained. Experiments on bacterial suspensions confined
in 2D channels have reported a similar requirement for
existence of spontaneous flows; coherent flows were ob-
tained when the width of the channel was smaller than
the intrinsic bulk vortex size, while full vortices and no
coherent flows resulted when the width of the channel
was larger than this emergent length scale [18].
The negative velocity correlations and well-defined vor-
tex sizes in our numerical results (Fig. 3c) arise from
a complex nonlinear coupling between active flows and
hydrodynamic screening. However, we can understand
their system-size dependence by considering the follow-
ing simple model. We approximate the nonlinear ef-
fects of flow on the dynamics of the nematic order as
a stochastic Gaussian white noise Γαβ , so that ∂tQαβ =
−γQαβ + κ∇2Qαβ +
√
∆Γ Γαβ . Let us compute the ve-
locity correlations in the isotropic system confined within
walls separated by H. Let ~r|| denote position in the xy
plane, and z denote position along the confinement di-
5mension. Then, the velocity correlations in the uncon-
fined directions are of the form (F 2)
lim
|~r||−~r′|||→∞
〈uα(~r||, z, t)uα(~r′||, z, t)〉0
=
√
2pi2α2∆Γ
γη2
√
H
|~r|| − ~r′|||
exp
(
−
pi|~r|| − ~r′|||
H
)
. (3)
Thus, the velocity correlation length in the isotropic state
is H/pi. Above the flow alignment instability, the non-
linear dynamics give rise to a nontrivial dependence on
confinement not captured by this simple analysis.
Conclusions. In summary, we have shown that an
isotropic suspension of extensile rod-like units develops
spontaneous flows due to a hydrodynamic instability that
couples extensile activity and shear alignment. The size
of the vortices generated by this instability depends on
the strength of confinement, and coherent flows arise
when each confinement dimension is smaller than the size
of vortices induced by confinement in the other dimen-
sion. This requirement results in aspect-ratio-dependent
self-pumping, as observed in recent experiments [28].
Crucially, the minimal nature of our model establishes
that this phenomenon is generic to all shear-aligning ex-
tensile 3D active systems.
The range of channel sizes that allow net pumping
flows can be tuned by controlling material parameters
such as activity and diffusion rates, to regulate the ve-
locity correlations. However, coherent flows depend on
a competition between spontaneous flows generated by
the flow alignment instability and destabilization of these
flows due to the generic hydrodynamic instability [35, 39],
and thus arise only in a ‘sweet spot’ of material param-
eters. If activity or system size is too small, the system
is below the flow alignment instability and there are no
flows; if the activity or system size is too large, the flows
are turbulent. The region in parameter space for which
net pumping behavior arises shrinks with increasing ac-
tivity (Fig. 2d,e and Fig. 3d). If the material parameters
are such that the correlation length `(H) is smaller than
the confinement size H for all activities high enough to
generate spontaneous flows, emergent flows will always
be turbulent.
The dependence of self-pumping on aspect ratio of the
3D channel is qualitatively independent of boundary con-
ditions on the nematic order parameter, although the un-
derlying flow profiles may differ. For example, with pla-
nar or homeotropic anchoring at the boundaries, the loss
of coherence in strongly confined asymmetric channels is
often due to banded flows rather than swirling flows (Fig.
6).
Our numerical solutions suggest that the aspect-ratio-
dependence of coherent flows can be roughly predicted
by examining the effect of confinement in each dimen-
sion independently. However, the validity of this sim-
ple deconstruction is surprising, since active systems are
typically highly sensitive to boundaries. Moreover, while
the predicted aspect-ratio-dependence of coherent flow
is consistent with existing experiments [28], experiments
have not yet observed an upper limit to the overall size of
the channel cross-section that allows coherent flow. Since
this maximum size arises due to the predicted sublinear
dependence of vortex size on the confinement lengthscale
`(H) (Fig. 3d), experimentally measuring the size of the
largest vortices as a function of confinement dimensions
would be a first step toward testing the hydrodynamic
theory.
We note that while we were in the final stages of com-
pleting this manuscript, a related preprint appeared that
also describes numerical computation of flow states in 3D
channels [40]. That work shows that, when one channel
dimension is fixed, the coherence in the flow disappears
as the other dimension is increased. In comparison, our
work captures the aspect of coherent flow that is unique
to 3D: re-entrance as a function of channel dimensions.
In addition, our work includes analytical investigations
that shed additional light on the mechanisms underlying
coherent flow, and demonstrate that the mechanism is
generic to a wide class of active fluids.
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Appendix A: Hydrodynamic model
1. Derivation from microscopic dynamics
Consider N non-interacting ellipsoids, each of length l and diameter b suspended in a fluid in d dimensions. The
center of mass of ellipsoid i, ~ri, evolves as ∂t~ri = ~u(~ri) +
√
2κ ~ηT (~ri), where ~u(~r) is the fluid velocity at position ~r,
ηT is a stochastic Gaussian white noise, and κ is the translational diffusion constant. Let the axis of orientation of
this ellipsoid, ±νˆi be defined along its axis of symmetry (length). If the flows have small Reynolds number, the time
evolution of νˆi is given by [33, 34]
∂tνˆi = Ω(~ri) · νˆi + λ (I − νˆiνˆi) ·E(~ri) · νˆi
+
√
γ/2 (I − νˆiνˆi) · ~ηR(~ri) (A1)
7where Ωαβ = 12 (∂βuα − ∂αuβ) and Eαβ = 12 (∂βuα + ∂αuβ) represent spatial variations in the flow, λ = l
2−b2
l2+b2 , ~ηR is a
Gaussian white noise, and γ is the rotational diffusion constant. Let
c(~r, νˆ, t) =
∑N
i=1 δ(~r − ~ri(t))δ(νˆ − νˆi(t))∑N
i=1 δ(~r − ~ri(t))
(A2)
denote the probability that an ellipsoid at position ~r is oriented along νˆ at time t. Note that
∫
dνˆ c(~r, νˆ, t) = 1.
Assuming the number density,
∑N
i=1 δ(~r − ~ri(t)) to be uniform, standard coarse-graining techniques yield the non-
equilibrium statistical mechanics of a collection of ellipsoids in flow to be of the form [42–44]
∂tc (~r, νˆ, t) = −~u · ~∇c+ κ∇2c−
(
νˆ × ∂
∂νˆ
)
· (νˆ × ∂tνˆ) c+ γ4
(
νˆ × ∂
∂νˆ
)2
c. (A3)
Since the ellipsoids have head-tail symmetry, c(~r, νˆ, t) = c(~r,−νˆ, t). Therefore, 〈να(~r)〉 =
∫
c(~r, νˆ, t)να dνˆ = 0. The
second moment of the orientational distribution function is a second order tensor. Since νˆ is a unit vector, not all of
its components are independent. For convenience, we instead choose to work with the trace-less quantity,
〈νανβ − 1
d
δαβ〉 (~r, t) =
∫
dνˆ c(~r, νˆ, t)
(
νανβ − 1
d
δαβ
)
≡ S(~r, t)
(
nα(~r, t)nβ(~r, t)− 1
d
δαβ
)
≡ Qαβ(~r, t) (A4)
where S is a measure of the magnitude of nematic ordering, and nˆ is a unit vector. Then,
∂tQαβ(~r, t) =
∫
dνˆ
(
νανβ − 1
d
δαβ
)
∂tc (~r, νˆ, t) (A5)
From equations A1 and A5,
∂tQαβ − ~u · ~∇Qαβ +QαγΩγβ − ΩαγQγβ
= −γQαβ + κ∇2Qαβ + 2λ
d
Eαβ + λ(QαγEγβ + EαγQγβ)− 2λ 〈νανβνγνσ〉Eγσ) (A6)
A rigorous treatment of 〈νανβνγνσ〉 is beyond the scope of our current work, so we truncate our moment expansion at
this order. To close the equations self-consistently at linear order in Q, we subtract out the trace of the penultimate
term in eqn. A6, giving
∂tQ+ ~u · ~∇Q+Q ·Ω−Ω ·Q = −γQ+ κ∇2Q
+ λ
[
2
d
E +Q ·E +E ·Q− 2
d
tr(Q ·E)I
]
(A7)
2. Non-dimensionalization
For numerical solutions of the hydrodynamics, we use a nondimensional representation of eqn. (A7), of the form
∂t∗Q+ ~u∗ · ~∇∗Q+Q ·Ω∗ −Ω∗ ·Q = −γ∗Q+ κ∗∇2∗Q
+ λ
[
2
d
E∗ +Q ·E∗ +E∗ ·Q− 2
d
tr(Q ·E∗)I
]
(A8)
where the variables and operators with a ‘∗’ have been non-dimensionalized. In particular, γ∗ = t0γ, and κ∗ = t0l20. γ∗
and κ∗ can be set to unity independently, giving a characteristic timescale and length scale for non-dimensionalization
— t0 = 1/γ, and l0 =
√
κ/γ.
Further, non-dimensionalizing the driven Stoke’s equation leads to
η∗∇2∗~u∗ − ~∇∗p∗ − α∗ ~∇∗ ·Q = 0 (A9)
where η∗ = ηt0l
d−2
0
m0
and α∗ = αt0η . Setting η∗ = 1 gives a unit of mass:
m0 = ηt0ld−20 (A10)
Therefore, the only material parameters that remain, and that can be changed independently, are the non-dimensional
activity α∗, and the flow alignment parameter λ
8Appendix B: Numerical scheme and parameter values
To find steady states to better accuracy, we will incorporate few higher order terms into eqn. A7. Our numerical
method [45] starts from an isotropic state and solves eqn. (B1) using a semi-implicit finite difference time stepping
scheme[46]. To solve the Stokes equation while ensuring incompressibility, we use a box smoothing algorithm on a
staggered grid[47].
Above the flow alignment instability, higher order terms are needed to stabilize the dynamics. Therefore, we modify
eqn. A7 to include higher order terms in Q,
∂tQ+ ~u · ~∇Q+Q ·Ω−Ω ·Q = −γ
[
A Q+B
(
Q2 − 1
d
trQ2I
)
+ C (trQ2)Q
]
− κ∇2Q
+ λ
[2
d
E +Q ·E +E ·Q− 2
d
tr(Q ·E)I
]
(B1)
In 3D, we assume A =
(
1− ρ3
)
, B = −ρ, and C = ρ, where ρ is the number density of the rods, to be consistent
with lyotropic liquid crystal literature. We choose the number density ρ = 2.65, which guarantees that there is only
one stationary steady state, and that it is isotropic. In 2D, we assume A = 1− ρ, and C = (1 + ρ)/ρ2 (the term that
depends on B vanishes), with ρ = 0.8. We will assume that the rod-like units have negligible diameters, so that the
shear alignment constant λ = 1. All the results presented have been expressed in units of l0 =
√
κ/γA, t0 = 1/γA,
and m0 = ηt0ld−20 .
Appendix C: Linear Stability Analysis
The only homogeneous state admitted by the model is Q = 0, ~u = 0. Consider fluctuations about this stationary
isotropic state, Qαβ(~r) =
∫
d~k Q˜αβ(~k)e−i~k·~r, and uα(~r) =
∫
d~k u˜α(~k)e−i~k·~r. Up to linear order in the fluctuation
amplitudes, equation (A7) gives
∂tQ˜αβ = −γ(A+ κk2)Q˜αβ − iλ
d
(kαu˜β + kβ u˜α) (C1)
Eliminating the velocity using
u˜β =
iαkˆν
ηk
(δβµ − kˆβ kˆµ)Q˜µν (C2)
gives
∂tQ˜ρσ = −γ(A+ κk2)Q˜ρσ
+ λα
dη
[
kˆσ(δρµ − kˆρkˆµ) + kˆρ(δσµ − kˆσkˆµ)
]
kˆνQ˜µν (C3)
and
∂tu˜β =
iαkˆν
ηk
(δβµ − kˆβ kˆµ)∂tQ˜µν
=
[
− γ(A+ κk2) + λα
dη
]
u˜β . (C4)
The physics of these linearized dynamics is discussed in the main text.
9Appendix D: Flow states in 2D
FIG. 4. Flow states of a confined 2D incipient active nematic under (top panel) no anchoring and (bottom panel) parallel
anchoring boundary conditions. In each case, the left panel gives the phase behavior as a function of activity and channel
width. For the highlighted points in the phase diagram, the right panel shows the flow and nematic order profiles. In each case,
crossing the phase boundary predicted by the flow alignment instability gives rise to unidirectional flow along the channel. This
flow is produced by a splay wall-like structure in a weakly ordered background. As the channel width is increased, the bend
instability gives rise to an undulation in the splay wall and a corresponding undulation in the flow. When the confinement is
weakened further, the splay wall unzips into ±1/2 defects, with the +1/2 defects performing dancing dynamics as in [31]. For
free orientations at the boundaries, this dancing dynamics occurs in a background net-pumping flow. This arises because, when
there is no anchoring, the flow gradient due to no slip builds a finite order at the walls, with the director aligned obliquely at
the walls. On enforcing parallel anchoring at the walls, flow alignment sharply bends the director near the wall to form an
oblique angle, so there is no order near the walls.
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Appendix E: Supplemental Figures for Phenomenology in 3D
FIG. 5. Degree of nematic order (colormap) and orientation field (black lines) that gives rise to uniform coherent flows in a
strongly confined system. There is a high degree of nematic order near the walls, and a low degree of nematic order in the
middle of the channel. The nematic orientation has a splay-like profile, with the orientation at the walls forming an oblique
angle with the walls.
FIG. 6. Flow profiles in asymmetric channels with planar anchoring. (top panel) In asymmetric channels that are strongly
confined along one dimension, coherent flow is lost due to formation of banded flows. (bottom panel) In weakly confined
asymmetric channels, the flows consist of vortex arrays, like in the case without anchoring at the walls. The phenomenology
for homeotropic anchoring is identical to that for planar anchoring.
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Appendix F: Velocity Correlations
1. Definition
We calculate the velocity correlations in the unconfined plane as
C(∆r||) =
∫H
0 dz
∫
d~r||
∫
d~r′|| ~u(~r||, z) · ~u(~r′||, z)δ(~r|| − ~r′||)∫H
0 dz
∫
d~r||~u(~r||, z) · ~u(~r||, z)
(F1)
The vortex size is the distance over which this planar velocity correlation function(Fig. 2(c)) becomes maximally
anticorrelated, i.e., reaches its minimum value. Note that the vortex size calculated by averaging over all the horizontal
planes, as in eqn. F1, is nearly equal to the vortex size calculated within the midplane (z = H/2). This occurs because:
although the behavior of the planar velocity correlations depend strongly on the distance of the measurement plane
from the walls (vortex size increases with distance from the walls and attains its maximum value at z = H/2), the
most significant contribution to the z integrals in eqn. (F1) come from z = H/2. This is because at the strong
confinements considered here, the velocity drops quickly away from the z = H/2 plane. Also, the x and y components
of the velocity are much larger than the z component at strong confinement. Therefore, the vortex sizes calculated
by eqn. (F1) are nearly equivalent to those computed from planar components of the velocity in the z = H/2 plane.
2. Estimate of velocity correlations in the isotropic state
Suppose the nonlinear complex effects of flow on the dynamics of the nematic order can be approximated as a
stochastic Gaussian white noise Γαβ . Then,
∂tQαβ = −γQαβ + κ∇2Qαβ +
√
∆Γ Γαβ (F2)
where
〈Γ˜αβ(~k||, n, ω)Γ˜µν(~k′||, n′, ω′)〉 = δ2(~k|| + ~k′||)δnn′δ(ω + ω′)(δαµδβν + δανδβµ − 23δαβδµν). (F3)
Consider confinement within walls separated by a distance H. Let ~r|| denote position in the xy plane, and z denote
position along the confinement dimension. Then,
Qαβ(~r||, z, t) =
∫ ∞
−∞
dωeiωt
∫ ∞
0
dk||k||
∫ 2pi
0
dθe−ik||r|| cos θ
∞∑
n=1
e
inpiz
H Q˜αβ(~k||, n, t).
From equations F2 and F3,
〈Q˜αβ(~k, ω)Q˜µν(−~k,−ω)〉 = 〈Γ˜αβ(
~k, ω)Γ˜µν(−~k,−ω)〉
ω2 + (γ + κk2)2
= ∆Γ
ω2 + (γ + κk2)2 [δαµδβν + δανδβµ −
2
3δαβδµν ].
In particular,
〈Q˜αβ(~k, ω)Q˜µν(−~k,−ω)〉 = 10 ∆Γ
ω2 + (γ + κk2)2 , (F4)
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giving
〈Qαβ(~r||, z, t)Qαβ(~r′||, z, t)〉
=
∞∑
n=1
e
inpi(0)
H
∫
dk||k||
∫ 2pi
0
dθeik||∆r|| cos θ 〈Q˜αβ(~k)Q˜αβ(−~k)〉
=
∞∑
n=1
∫
dk||J0(k||∆r||) k|| 〈Q˜αβ(~k)Q˜αβ(−~k)〉
= 10
∞∑
n=1
∫ ∞
0
dk||k||J0(k||∆r||)
∫ ∞
0
dω
∆Γ
ω2 + (γ + κk2)2
= 10pi2∆Γ
∫ ∞
0
dk||k||J0(k||∆r||)
∞∑
n=1
1
γ + κk2
= 10pi
2∆Γ
κ
∞∑
n=1
∫ ∞
0
dk||k||J0(k||∆r||)
1
k2|| +
γ
κ +
pi2n2
H2
= 10pi
2∆Γ
κ
∞∑
n=1
K0
(
∆r||
√
γ
κ
+ pi
2n2
H2
)
(F5)
where J0(x) is the zeroeth Bessel function of the first kind, and K0(x) is the modified Bessel function of the second
kind, which can be approximated as
lim
x→∞K0(x) =
√
pi
2xe
−x
(
1 +O
(
1
x
))
. (F6)
Therefore,
lim
∆r||→∞
〈Qαβ(~r||, z, t)Qαβ(~r′||, z, t)〉 =
√
pi
2∆r||
(
γ
κ
+ pi
2n2
H2
)− 14
e−∆r||
√
γ
κ+
pi2n2
H2 , (F7)
and thus the nematic order correlation in the isotropic state, when confined between planes separated by a distance
H is, lQ =
√
κ
γ
H
pi2+H2 .
The velocity correlations in the isotropic state can then be calculated as
〈u˜α(~k, ω)u˜α(−~k,−ω)〉
= + α
2
η2k2
kˆν kˆσ
[
δαµ − kˆαkˆµ
][
δαγ − kˆαkˆγ
]
〈Q˜µν(~k, ω)Q˜γσ(−~k,−ω)〉
= α
2∆Γ
η2k2
kˆν kˆσ
[
δµγ − kˆµkˆγ
] [δµγδνσ + δµσδνγ − 23δµνδγσ]
ω2 + (γ + κk2)2
= α
2∆Γ
η2k2
(2 + 0− 23 × 0)
ω2 + (γ + κk2)2
= α
2∆Γ
η2k2
2
ω2 + (γ + κk2)2 (F8)
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〈uα(~r||, z, t)uα(~r′||, z, t)〉
=
∞∑
n=1
∫
dk||J0(k||∆r||) k|| 〈u˜(~k)u˜(−~k)〉 (F9)
= 2pi
∞∑
n=1
∫ ∞
0
dk||k||J0(k||∆r||)
∫ ∞
0
dω
[α2∆Γ
η2k2
2
ω2 + (γ + κk2)2
]
= 2pi
2α2∆Γ
κη2
∫ ∞
0
dk||k||J0(k||∆r||)
∞∑
n=1
1
k2|| +
pi2n2
H2
1
γ
κ + k2|| +
pi2n2
H2
(F10)
= 2pi
2α2∆Γ
γη2
∞∑
n=1
[
K0(∆r||
npi
H
)−K0(∆r||
√
γ
κ
+ n
2pi2
H2
)
]
(F11)
Therefore,
lim
|~r||−~r′|||→∞
〈uα(~r||, z, t)uα(~r′||, z, t)〉 =
√
2pi2α2∆Γ
γη2
√
H
|~r|| − ~r′|||
exp
(
−
pi|~r|| − ~r′|||
H
)
(F12)
Thus, the velocity correlation length in the isotropic state is H/pi.
Consider the expression in eqn. F9 for the velocity correlation function. In order to obtain correlation functions
of the kind in Fig. 3(c) of the main text, that preserve the oscillatory nature of J0(x) and give a well defined vortex
size, k|| 〈u˜(~k)u˜(−~k)〉 should be peaked around a certain value of k|| and this peak should be sufficiently narrow. In
the expression in eqn. F10,
k|| 〈u˜(~k)u˜(−~k)〉 ∼
(
k||
1
H2 + k2||
)
1
γ
κ +
1
H2 + k2||
, (F13)
the peak of this function is too broad to retain the oscillatory nature of J0(x). Therefore, the velocity correlations in
the isotropic state do not have the oscillatory behavior seen above the flow aligning transition (main text, Fig. 3c).
We therefore conclude that the emergent length scale observed in the numerical solutions arises from a characteristic
length scale of correlations in the nematic order, and that this length scale arises from active nonlinear processes.
